PERIOD FUNCTIONS FOR C° AND C 1 FLOWS 

SERGIY MAKSYMENKO 

Abstract. Let F : M xl^Mbea continuous flow on a topo- 
logical manifold M. For every open V C M denote by P(V) the 
set of all continuous functions £ : V — > R such that F(x, = x 
for all a; G V. Such functions vanish at non-periodic points and 
their values at periodic points are equal to the corresponding peri- 
ods (in general not minimal). In this paper P(V) is described for 
connected open subsets V C M. 

It is also shown that there is a difference between the sets P(V) 
for C° and C 1 flows: if V is open and connected, and the flow F 
is C 1 , then any £ £ P(V) being not identically zero on V is every- 
where non-zero on V , while for C° flows there can exist functions 
£ G P(V) vanishing at fixed points. 



1. Introduction 

Let F:MxR^Mbea continuous flow on a topological finite- 
dimensional manifold M. Let also S be the set of fixed points of F. 
For x G M we will denote by o x the orbit of x. If x is periodic, then 
Per(x) is the period of x. 

Definition 1.1. Let V C M be a subset and^ : V — > R be a continuous 
function. We will say that £ is a period function or simply a P- 
function (with respect to F) if F(x,£(x)) = x for all x G V. The set 
of all P -functions on V will be denoted by P(V). 

The aim of this paper is to give a description of P(V) for open 
connected subsets V C M with respect to a continuous flow on a 
topological manifold M (Theorem 1 1.51) . Such a description was given 
in PHI Th. 12] for C°° flows. Unfortunately, the proof of a key statement 
[TU1 Pr. 10] for [lOj Th. 12] contains a gap. We will show that in fact 
that proposition is true (Proposition 18.351) . Moreover, we also indicate 
the difference between P-functions for C° and C 1 flows (Theorem 1 1.6 1) . 
Our methods are based on well-known theorems of M. Newman about 
actions of finite groups. 

The following easy lemma explains the term P-function. The proof 
is the same as in [TTJl Lm. 5 & 7] and we leave it for the reader. 
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Lemma 1.2. [TUJ Lm. 5&7] For any subset V C M the set P(V) is a 
group with respect to the point-wise addition. 

Let x G V and £ G P{V). Then £ is locally constant on o x D V. in 
particular, if x is non-periodic, then £,\ 0x r\v — 0- Suppose x is periodic, 
and let to be some path component of o x fl V . Then £(?/) = n ■ Per (a;) 
for some nfZ depending on u and all y G u. 

It is not true that any P-function on any subset V'cMis constant 
on all of o x fl V for each x G V, see Example 12.111 below. Therefore we 
give the following definition. 

Definition 1.3. A P-function £ : V — > R tira// 6e called regular if £ is 

constant on o x fl V for each x E V . 

Denote by RP(V) the set of all regular P-functions on V. Then 
RP(V) is a subgroup of P{V). 

Remark 1.4. If for any periodic orbit o the intersection oC\V is either 
empty or connected, e.g. in the case when V is F-invariant, then any 
P-function on V is regular. 

The following theorem extends [TOl Th. 12] for continuous casd^l 

Theorem 1.5. Let M be a finite-dimensional topological manifold pos- 
sibly non-compact and with or without boundary, F : M x R — > M be 
a flow, and V C M be an open, connected set. 

(A) //Int(E)ny ^ 0, then 

P(V) = {£eC(V,R) : £| ns = 0}. 

(B) Suppose Int(S) fl V — 0. Then one of the following possibilities 
is realized: either 

P(V) = {0} 

or 

P{V) = {n6} n& 

for some continuous function 9 : V — > R having the following proper- 
ties: 

(1) 9 > on V \ S, so this set consists of periodic points only. 

(2) There exists an open and everywhere dense subset Q C V such 
that 9(x) = Per(x) for all x G Q. 

Unfortunately, the proof of [THl Pr. 10] being the crucial step for [THl Th. 12] is 
incorrect. It was wrongly claimed that (using notations from [10]) if§t, t € (— e, e), 
is a local flow on R™ , and x £ R ra , then the map ^(x, *) : (— e, e) — > GL n (M), 
associating to each t the Jacobi matrix of the flow map $ t at x, is a homomorphism. 
This is not so since $ is determined by a particular choice of the trivialization of 
tangent bundle along the orbit of x and. In fact, VP cane be any smooth map such 
that ty(x,0) is a unit matrix. 

Nevertheless, the statement of [TU1 Pr. 10] and the arguments which deduce from 
it [101 Th. 12] are true. We will extend 10, Pr. 10] in Proposition lOSl and thus 
present a correct proof. 
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(3) 9 is regular. 

(4) Denote U = F(V x R). T/ien extends to a P '-function on 
U and there is a circle action G : f/ x S 1 -> (J defined by 
G(x,t) = F(x,t6(x)), x eU,teS l = R/Z. The orbits of this 
action coincides with the ones ofF. 

In particular, in all the cases RP(V) = P(V). 
Theorem 1 1 . 51 will be proved in £jH 

1.1. P-functions for C 1 flows. Let h : M — > M be a homeomorphism 
and G : M x R — > M be the conjugated flow: 

Gt(ar) = bF 1 or 1 (i) = feoF(r 1 (x),t)). 

If V C M is an open set and 9 : V — > R a continuous P-function for 
F, then 9 o h : h~ x (V) — > R is a P-function for G. Indeed, let x G V 
and ?/ = /i _1 (a;). Then 



G(y, o /T 1 ^)) =/io F(/i- 1 (a;), o hT 1 {x))) = hoh-\ 



X) = X. 



It follows that the structure of the set of P-functions of the flow F 
depends only on its conjugacy class. 

Now let M be C r , (r > 1), manifold and F : M x R -> M be a C r 
flow. Then in general, F is generated by a C r-1 vector field 

F(x) = §(x,t)\ t =o- 

Nevertheless, it is proved by D. Hart [7] that every C r flow F is C r - 
conjugated to a C r flow generated by a C r vector field. Thus in order 
to study P-functions for C r flows we can assume that these flows are 
generated by C r vector fields. 

Theorem 1.6. Let F be a C l flow on a connected manifold M generated 
by a C 1 vector field F. Suppose P(V) = {n6} n£ z for some non-negative 
P-function 9 : V — » [0, +oo), see (1) of Theorem ] 1.51 Then, in fact, 
9 > on all of M . 

Moreover, for every z G £ there are local coordinates in which the 
linear part j 1 F{z) of F at z is given by the following matrix 



/ ft \ 

/ -f3 1 \ 

Pk 
-Pk o 

V °..7 



/or some fc > 1 and f3j G R \ 0. 

We will prove this theorem in £j9j 

Remark 1.7. Under assumptions of Theorem [L6] suppose that 9 is C l 
and 7^ for some z G E. In this case existence of ( 11 .11) at z is easy 
to prove, c.f. [TTj . 
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Indeed, define the flow G : M x R -> M by G(x,t) = F(x,t9(x)). 
Then G is generated by the C l vector field G = 9F . Moreover, Gi = 
idjvf, whence G yields an R/Z = S^-action on M. 

Let z G S. Then G t (z) = z, whence G yields a linear S^-action 
T z Gt on the tangent space T Z M. Now it follows from standard results 
about S 1 representations in GL(W, n) that the linear part of G at z 
in some local coordinates is given by ( 11. ip . It remains to note that 
j x F(z) = j 1 G(z)/9(z). Notice that these arguments do not prove that 
the matrix (11.11) is non-zero. 

1.2. Structure of the paper. In next section we will consider exam- 
ples illustrating necessity of assumptions of Theorems 11.51 and 1 1 . 6 1 and 
review applications of P-function to circle actions. 

Then in $3] we describe certain properties of P-function for con- 
tinuous flows: local uniqueness, local regularity, and continuity of 
extensions of regular P-functions. We also deduce from well-known 
M. Newman's theorem a sufficient condition for divisibility of regular 
P-functions by integers in P(V). These results will be used in §3]for the 
proof of Theorem 11.51 ^presents a variant of results of M. Newman, 
A. Dress, D. Hoffman, and L. N. Mann about lower bounds for diame- 
ters of orbits of Z p -actions on manifolds. 

3S-$H] give sufficient conditions for unboundedness of periods of C° 
and C 1 flows near singular points. Finally £0 contains the proof of 
Theorem 11.61 

2. P-FUNCTIONS AND CIRCLE ACTIONS 

The following simple statement shows applications of P-functions to 
reparametrizations of flows to circle actions. 

Lemma 2.8. Let 8 : M — ► R be a P-function on all of M. Then the 
following map 

(2.1) G : M x R -> M, G(x, t) = F(x, t ■ 9(x)) 

is a flow on M such that G± = id.M, so G factors to a circle action. 

Proof. Indeed, Gi(x) = F(x,6(x)) = x. □ 

Suppose that there exists a circle action whose orbits coincide with 
ones of F. Then every orbit of F is either periodic or fixed. More- 
over, due to the following well-known theorem of M. Newman the set 
E should be nowhere dense: 

Theorem 2.9 (M. Newman [15], see also [IHl H21 E]). If a compact Lie 
group effectively acts on a connected manifold M , then the set S of 
fixed points of this action is nowhere dense in M and, by [12] . it does 
not separate M . 
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Suppose now £ = 0, so all points of F are periodic. It will be 
convenient to call F a P-flow. Then we have a well-defined function 

A:M^(0,+oo), A(x) = Per(x). 

This function was studied by many authors. It can be shown that A is 
lower semicontinuous and the set B of its continuity points is open in 
M, see e.g. D. Montgomery [T5] and D. B. A. Epstein pEJ §5]. Thus in 
the sense of Definition ll.il A is a P-function on B. 

There are certain typical situations in which A is discontinuous. 

For instance, if A is locally unbounded, then it can not be contin- 
uously extended to all M. Say that a P-flow F has property PB 
(resp. property PU) if A is locally bounded (resp. locally unbounded). 
Equivalently, if F is at least C 1 , then instead of periods one can consider 
lengths of orbits with respect to some Riemannian metric on M. 

It seems that the first example of a P?7-flow was constructed by 
G. Reeb [T7]. He produced a C°° PC/-flow on a non-compact manifold. 
Further D. B. A. Epstein pEJ constructed a real analytic PU-How on a 
non-compact 3- manifold, D. Sullivan [2"0"l [T9] a C°° PC/-flow on a com- 
pact 5-manifold S 3 x S 1 x S 1 , and D. B. A. Epstein and E. Vogt [6J 
a PU-fiow on a compact 4- manifold defined by polynomial equations, 
with the vector field defining the flow given by polynomials, see also 
E. Vogt [21]. 

On the other hand, the following well-known example of Seifert fi- 
brations shows that even if A is discontinuous, then in some cases it 
can be continuously extended to all of M so that the obtained function 
is a P-function. 

Example 2.10. Let D 2 C C be the closed unit 2-disk centered at the 
origin, S 1 = dD 2 be the unit circle, and T = D 2 x S 1 be the solid 
torus. Fix n > 2 and define the following flow on T: 

F : T x R -> T, F(z, r, t) = (ze 2nit/k , re 2 ™*), 

for (z, r, t) G D 2 x S 1 x R. It is easy to see that every (z, r) G T is 
periodic. Moreover, Per(z,r) = k if z ^ G D 2 , while Per(0,r) = 1. 
Thus the function Per : T 2 — * R is discontinuous on the central orbit 
x S 1 , but it becomes even smooth if we redefine it on x S 1 by the 
value k instead of 1. This new constant function 9 = k is a regular 
P-function and P(T) = {nk} n( zz- 

Notice that in this example F is a suspension flow of a periodic 
homeomorphism h : D 2 — > D 2 being a rotation by 2%/k. 

More generally, let h : M — > M be a homeomorphism of a connected 
manifold M such that the corresponding suspension flow F of h on 
M x S 1 is a P-flow. This is possible if and only if all the points of M 
are periodic with respect to h. D. Montgomery [13] shown that such a 
homeomorphism is periodic itself. Let k be the period of h. Then the 
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periods of orbits of F are bounded with k, so F is a PP-flow. Moreover, 
similarly to Example 12. 101 it can be shown that P(M) = {nk} n£ i- 

D. B. A. Epstein [I] also proved that if M is a compact orientable 
3-manifold then any C P-flow with (1 < r < uj) has property BP 
and even there exists a C r circle action with the same orbits. In fact 
he shown that the structure of C foliations (1 < r < oo) of compact 
orientable 3-manifolds, possibly with boundary, is similar to Seifert 
fibrations described in Example 12 .101 

The problem of bounded periods has its counterpart for foliations 
with all leaves compact. The question is whether the volumes of 
leaves are locally bounded with respect to some Riemannian metric, 
see e.g. [HI El EH]- For instance the mentioned above statements for 
flows can be adopted for foliations. 

Let us mention only one result which is relevant with regular P- 
functions. 

Let T be a foliation on a manifold M such that all leaves of T 
are closed manifolds of dimension d. Then it is shown in R. Edwards, 
K. Millett and D. Sullivan [3] that the volumes of all leaves are locally 
bounded whenever there exists a d-form u such that its integral over 
any leaf is positive. In the case of flows such a 1-form often appeared 
for reparametrizations of flows to circle actions. 

For instance, W. M. Boothby & H. C. Wang [lj considered a con- 
tact manifold M with a contact form uj being regular in the sense 
of R. Palais [16]: let F be the dual vector field for uj; then for each 
x G M there exists a neighbourhood U such that o y D U is connected 
for every y G U. Under this assumption it is shown in pQ that F can 
be reparametrized to a circle action. Such a connectivity condition is 
similar to our regularity of P-functions, see Remark 11.41 

Moreover, suppose M is a C r manifold with (3 < r < oo) and F be 
a C r P-flow on M. A. W. Wadsley [22], using a 1-form with positive 
integrals along orbits, proved that the existence of a C r circle action 
with the same orbits is equivalent to the existence a Riemannian metric 
on M in which all orbits are geodesic. The proof of sufficiency of this 
result explicitly used regular P-functions, c.f. [221 Lm. 4.2]. 

Suppose now that F has no non-closed orbits. Then it can happen 
that P(M \ E) = {n9} n& for some P-function 9 : M \ £ -> R, while 
P(M) = {0}, so 9 can not be continuously extended to all of M. 

For instance, let F : C x R — > C be a C°° flow on C defined by 



where is the origin. Then 9 = rp is a C°° P-function on C \ and 
P(C \ 0) = {n9} n( zz. On the other hand, lim 9{z) = +oo, whence 
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9 can not be extended even to a continuous function on C, whence 
P(C) = {0}. 

We will show that for C 1 flows triviality of P(M) and non-triviality 
of P(M\E) "almost always" appears due to unboundedness of periods 
of points near E, see Theorem 18.3 II 

2.1. Non-regular P-functions. The following example shows that 
on non-open or disconnected sets V C M there may exist non-regular 
P-functions. Moreover, it also shows that P-functions for continuous 
flows may vanish at fixed points. 

Example 2.11. Let F:CxM->Cbea continuous flow on the 
complex plane C defined by 



F(z,t) 



The orbits of F are the origin £ C and the concentric circles centered 
at 0. Then 9 = \z\ 2 is a P-function on C and 

RP(C) = P(C) = {n9} n& . 

Also notice that 9 is C°° and 9(0) = 0. If F were at least C l , then 
due to Theorem [L6J 9 would not vanish at 0. 

Let Vi, (i = 1, 2, 3) be the corresponding subset in C shown in Fig- 
ure 12.111 Thus V\ is an open segment, say (—1,1), on the real axis, 
Vi is a union of two closed triangles with common vertex at the origin 
0, and V3 is union of a triangle with a segment (—1,0] of the real axis 
intersecting at the origin. 





In particular, Int(Vi) = 0, Int(T^) is not connected, and Int(T^) is not 
dense in V. For any pair m, n £ Z define the function £ mjn : Vi — > R by 



-m\z\, 9l(z) < 0, 
n\z\, U(z)>0. 



Evidently, P(^) = {£ m ,„} m , ne z, while RP{V{) = {£, m ,m}m&- Thus not 
every P-function is regular. 
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3. Properties of P-functions 

Lemma 3.12. Let z G M . Suppose there exists a sequence of periodic 
points {xjj-jgN converging to z and such that lim Per(xj) = 0. Then 

ZEE. 

Proof. Suppose z G" E, so there exists r > such that z ^ F T (z). Let 
[/ be a neighbourhood of z such that 

(3.1) Uf)F T (U) = 0. 

Since F(x, 0) = x, there exists e > and a neighbourhood If of i such 
that F(W x [0, e]) C [/. Then we can find Xi G W with Per(xj) < e. 
Hence 

F T (x 4 ) G F r (C7). 

On the other hand, 

F T ( Xi ) G o Xi = F(xi,[0,Per(xi)]) C F{Wx[0,e}) c £/, 

which contradicts to (13. ip . □ 

Lemma 3.13 (Local uniqueness of P-functions). c.f. [TOl Cor. 8] Lei 
V C M be any subset, z G V \ E and £ e P(V). If £(z) = 0, then 
£ = on some neighbourhood of z in V. 

Proof. Suppose £ is not identically zero on any neighbourhood of z in 
V\E. Then there exists a sequence {xj}j e N C V\E converging to z and 
such that C( x i) 0- Hence every Xi is periodic and £(xi) = niPer(xj) 
for some n« G Z \ {0}. By continuity of £ we get 

= lim £(iCj) = lim njPer(a;j). 
Since |n$| > 1, it follows that lim Per(xj) = 0, whence by Lemma f3. 121 

i— >oo 

2 G E, which contradicts to the assumption. □ 

Lemma 3.14 (Local regularity of P-functions on open sets). Let V C 
M be an open subset and £ G P(V). Then for each z G V there exists 
a neighbourhood W C V such that the restriction £|jy is regular. 

Proof. Suppose £ is not regular on arbitrary small neighbourhood of z. 
Then we can find two sequences {xj}j e N and {?/i}i e N converging to z 
such that Hi = F(x i; Tj) for some Tj G M and £(xj) < C(Ui) f° r an ^ G N. 

It follows that Xi and are periodic. Otherwise, by Lemma [TT2l we 
would have £(x») = £(?/i). Hence < £(?/«) — £(£i) = riiPer(xi) for some 

G Z\ {0}. 

We claim that lim Per(xj) = 0. Indeed, take any e > 0. Then there 

i— >oo 

is a neighbourhood W of z such that |£(y) — £(x)| < e for all x, y G W. 
Let iV > be such that yi E W for i > N, 

Per(xj) < njPer(xi) = £(?/*) - £(xj) < e, i > N. 
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This implies lim Per(xj) = 0, whence, by Lemma EU2J z G S. But 

i— >oo 

in this case there exists a neighbourhood W of z and e > such that 
F(W x [0,e]) C V. Take Xi £ W such that Per(xj) < e, then 

o Xt = F( Xi x [0,Per(x i )) C F(W x [0,e]) C V. 

In other words o x . fl V = o Xi is connected, whence by Lemma [TT21 £ 
is constant on o Xi . Therefore £(xi) = £(yi) which contradicts to the 
assumption. □ 

Lemma 3.15 (Continuity of extensions of regular P-functions). Let 

V C M be an open subset and £ G RP(V) be a regular P -function on 
V . Put U = F(V x R). Then £ extends to a P -function £ on all ofU. 

If M is a C r manifold, V is open in M, F is C r on V x R ; and £ is 
C on V, then £ is C r on U. 

Proof. The definition of £ is evident: if y G U, so y = F(se, r) for some 
(x, r) G V x R, then we put £(y) = Since £ is regular, this 

definition does not depend on a particular choice of such (x, r). 

It remains to prove continuity of £ on U. Let y = F(x,t) G U for 
some (x, t) G V x R. Since V is open, there exists a neighbourhood 
of y in U such that F_$(W) C V . Then £ can be defined on W by 
£(z) = £ o F_ t (z) for all z G W 7 . This shows continuity of £ on 

Moreover, if M is a C r manifold, £ and F are C r , then so is £. □ 

Lemma 3.16 (Condition of divisibility by integers). Let V C M be a 
connected open subset and £ : V — > R be a regular P -function. Suppose 
that there exist an integer p > 2 and a non-empty open subset W CV 
such that F(x,£(x)/p) = x for all x G W , so the restriction of £/p to 
W is a P-function. Then £/p is also a P-function on all ofV. 

Proof. By Lemma f3.15l we can assume that V is F-invariant. Moreover, 
it suffices to consider the case when p is a prime. Define the following 
map h : V — > V by 7t(x) = F(x,£(x)/p). Since £ is constant along 
orbits of F, it follows that £(h(x)) = £(x), whence 

h o h(x) = F{h{x),£{h{x))/p) = 

= F(F{x,Z(x)/p,t(x)/p) = F(x,2£(x)/p), 

and so on. In particular, we obtain that h p = idy, and thus h yields a 
Zp-action on V. But by assumption this action is trivial on the non- 
empty open set W. Then by M. Newman's Theorem 12.91 the action is 
trivial on all of V, so £/p is a P-function on V. □ 

Corollary 3.17. Let £ be a regular P-function on a connected open 
subset V C M. 

(i) IfVn Int(S) ^ 0, ffcen £ = on V \ Int(S). 

(ii) If V nlnt(S) = and £ = on some open non-empty subset 
W CV, then £ = on all ofV. 
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Proof. Evidently, it suffices to show that in both cases £ = on V \ E. 
In the case (i) put W = V n Int(E). 

Let p be any prime. Then in both cases F(y,£(y)/p) = y for all 
y G W, where W is a non-empty open set. Hence by Lemma I'd. 161 
F(y,£,(y)/p) = y for all y &V, that is £/p is a P-function on V. Thus 
if £(x) = nPer(a;) 7^ for some i6l / \E and n G Z, then n is divided 
by p. Since p is arbitrary, we get n — 0. □ 

4. Proof of Theorem II .51 
(A). Suppose Int(E) fl V 7^ 0. We should prove that the following set 
P' = {£eC(V,R) : £lv\s = °}- 

coincides with P(V). Evidently, P' C P{V). 

Conversely, let £ G P(V). We claim that /or every connected com- 
ponent T of V \ Int(E) there exists z G T sitc/i i/iai £(z) = 0. By 
Lemma f3. 131 this will imply that £|t = 0. Since T is arbitrary we will 
get that £ = on all of V \ Int(E) D V \ E and, in particular, that £ 
is a regular P-function. 

As V is connected, the following set is non-empty, see Figure HJ 

B := T n V n (Int(E) \ Int(E)) 7^ 0. 

Let x G P C V = Int(y). Then by Lemma f3. 141 there exists an open 
connected neighbourhood W such that £|w is a regular P-function. 
Then we have that W fl Int(E) 7^ and W C\T ^ as well. Since 
£ is regular on W, it follows from (i) of Corollary 13. 171 that £ = on 
W \ Int(E) and, in particular, on W fl T. 




Figure 2. 

(B). Suppose that Int(E) fl V = and P(V) 7^ {0}, so there exists 
£ G P(V) which is not identically zero on V. We have to show that 
P(V) = {n8} n( =.z, for some P-function 9 : V — > R satisfying (l)-(4). 

Denote by K the subset of V consisting of all points x having one of 
the following two properties: 

(LI) x G V \ E and = 0; 

(L2) x G VflE and there exists a sequence C V\E converging 

to x and such that £(xj) = for all ieN. 

Evidently, £ = on Y. 

Lemma 4.18. Y is open and closed in V . Hence if V is connected 
and = for some x G V \ E, then £ = on all ofV. 
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Proof. Y is open. Let igF. We will show that there exists an open 
neighbourhood W of x such that W C Y. 

If x G V \ E, then, by Lemma I'd. 131 £ = on some neighbourhood 
W CV\Z of x. Hence, by (LI), W CY. 

Suppose x <E T,nV C V = Int(V). Then by Lemma [3.141 there exists 
an open neighbourhood W x of x such that £\w x is regular. We claim 
that W x C Y. 

First we show that £ = on W^. Indeed, by (L2) there exists a 
sequence {xj} ie N C V \ E converging to x and such that £(x;) = 
for all i G N. In particular, Xj G W x for some i G N. Let C be the 
connected component of W x \ E containing Xj. Then £ = on an open 
set C H W-b, whence, by (ii) of Corollary EH3 ( = 0oniy r 

Therefore W^EcF, Let y G W x fl E. Since W x H E is nowhere 
dense in H4, there exists a sequence {?/j}j e N C \ E converging to y. 
But then £(yi) = 0, whence, by (L2), y G Y as well. 

K zs closed. Let {xj}i £ N C K be a sequence converging to some 
x G V. We have to show that x G F. Since = 0, we have 

= as well. 
If x G V \ E, then by (LI) x G F. 

Suppose x G VflE. Then we can assume that either {xj} ie N C V\E 
or {xj} ie N CFflE. In the first case x G Y by (L2). 

Suppose {xj} ie N C V fl E. Since Xj G F, it follows from (L2) for x, 
that there exists a sequence {|/i}jeN C V\ E converging to x, and such 
that £(yj) = 0. Then for each i G N we can find n(i) G N such that 
the diagonal sequence {y" }ieN C V" \ E, converges to x, and satisfies 



Thus we can assume that £ 7^ on V \ E. In particular, all points 
in V \ E are periodic. 

Take any x G V \ E and consider the following homomorphism 



for v G P(V). If z/(x) = 0, then, as noted above, v = on all of V, 
whence e x is a monomorphism. Moreover, e^^) = £(x) 7^ 0, whence 
e x yields an isomorphism of P(V) onto a non-zero subgroup kit of Z 
for some fceN. Put 9 = e^(k). Then P(y) = {n6} n& . 

It remains to verify properties of 9. 

(2)=^(1). We have that 9{x) = Per(x) > on an open and everywhere 
dense subset Q C V, whence 9 > on V. On the other hand, by 
LemmaSIIHl 6 ^ on V \ E, whence 9 > on V \ E. 

(2)=^(3). We have to show that 9 is regular, that is 

9(x) = 6(F T (x)) 



£(yf i] ) = 0. Hence, by (L2), x G Y. 



□ 



e x : P(F) -> Z, 



e x .(z/) = z/(x)/Per(x), 



for any x G V \ E and r G K such that F T (x) G V. 
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First notice that for any open subsets A, B G M we have that 
(4.1) AHB = AHB = AnB. 

Since Q is open and everywhere dense in V, it follows that 



F T (x) e vnF T (V) c QnF T (V) === 

= QnFAV) = gnfv(g) = QnF r (Q). 

In other words, there exists a sequence {xjjieN C Q converging to 
x and such that {F T (xj)}j eN C Q. Then 6 , (F T (x i )) = 6*(xj) = Per(xj). 
Whence 

0(F T (z)) = lim 0(F T (xi)) = lim Ofa) = 6(x). 

i— >oo i— >oo 

(3)^(4). See Lemma EH 

(2). The proof consists of the following three statements. 

Claim 4.19. Let x G V \ E. Then there exist an open connected 
neighbourhood W x of x in V , a regular P -function 9 X G P{W X ), a 
number m x G Z \ {0}, and an open and everywhere dense subset Q x C 
W x consisting of periodic points such that 

(a) P{W X ) = {me x } meZ , 

(b) 9 = m x 6 x on W x , 

(c) 9 x (y) = Per(y) for all y G Q x . 

Proof. By Lemma I'd . 1 41 there exists an open connected neighbourhood 
W x of x such that W x C V \ £ and 6*1^ is regular. Notice that if we 
decrease W x , then the restriction of 9 to W x remains regular. Therefore 
we can additionally assume that there exists e G (0,Per(a;)) such that 

(i) 9{y) < 9(x) + £ for all y G W x \ 

(ii) Per(x) < Per(y) + e for all y G W x ; 

(iii) there is > such that n y := 9(y)/Per(y) < N for all y G W x . 

Indeed, (i) follows from continuity of 9, and (ii) from lower semiconti- 
nuity of Per, c.f. |13j . 

More precisely, suppose (ii) fails. Then there exists a sequence 
{xjjjgN C V \ £ converging to x and such that Per(x) > Per(xj) + e. 
In particular, periods of bounded above and we can assume that 

lim Per(xj) = r < oo for some r. Then 

i— >oo 

(4.2) Per(x) > r + e > r. 

But F(x, r) = lim F(xj, Per(xj)) = x, so r = nPer(x) > Per(x) for 

i— »oo 

some n G N, which contradicts to f)4.2p . This proves (ii). 
To establish (iii) notice that it follows from (i) and (ii) that 

n y (Per(x) — e) < n y Pei(y) = 9(y) < 9(x) + e, 
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whence 

N := - \\ > n v . 

Per(x) — e 

This proves (iii). 

Consider the group P{W X ). As W x is open and connected, we have 
that P{W X ) = {m9 x } me z for some 9 X £ C(W,WL). By assumption, 9 is 
a P-function on W x , whence 9\w x = m x9 x for some m x £ Z \ {0}. 

To construct Q x notice that for each y £ W x \ £ there exists a unique 
n y £ Z such that ^(y) = n y Per(j/). For every n £ N denote by T n the 
subset of W x consisting of all y such that n y is divided by n. Since the 
values n y are bounded above, it follows that T n is non-empty only for 
finitely many n. Also notice that 

W X \E= U T n . 

n=l 

We claim that T n is nowhere dense for n > 2. Indeed, suppose 
Int(T n ) ^ 0. Then 9 x /n is a regular P-function on Int(T n ) and there- 
fore, by Lemma \3.16\ on all of W x . However this is possible only for 
n = 1 as 9 X generates P(W X ). Thus the subset Q x := Int(Xi) fl W x is 
open and everywhere dense in W and 9{y) = Per(y) for all y £ Q x . □ 

Claim 4.20. Let x, y £ V r \E. T/ien X = 9 y on W x nW y and m x = m y . 

Proof. Indeed, since Q x (Q y ) is open and everywhere dense in W x (W y ), 
it follows that Q x fl Q y is open and everywhere dense in W x fl W y . 
Moreover, for each z £ Q x D Q y we have that x (;z) = ^(z) = Per(^). 
Then by continuity 9 X = 9 y on W x nW y . 

In particular, if z £ H Q^, then ^(z) = m x Per(z) = m y Per(z), 
whence m x = m y . □ 

Let T be a path component of V \ E. Then by Claim l4~20l m x is 
the same for all x £ T and we denote their common value by tut- 
It also follows that the functions {9 x } x( zt define a continuous function 
9t '■ T — > R. such that 9\t = rriT9T- Thus if we put Qt = U Q x , 

then Qt is open and everywhere dense in T and 9r{y) = Per(y) for all 

y e Q T . 

Claim 4.21. Let S 1 and T be any connected components ofV\H such 
that S fl T. T/ien mj = my. 

Proof. We can assume that T ^ S. Let x£5'nTcl / nS and be 
an open, connected neighbourhood of x in such that 9\ Wx is a regular 
P-function on W x . Notice that 9s = 9 /ms is a regular P-function on 
the non-empty open set W x fl S, whence, by Lemma 13.161 9/ms is a 
P-function on all of W x . 

If a: £ Qt H then = rriT9T(x) = mTPer(x), therefore my 
is divided by ms- By symmetry ms is divided by mj- as well, whence 
= mT- □ 
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Since V is connected, it follows from Claim |4~2T1 that the number 
rriT is the same for all connected components T of V \ E. Denote the 
common value of these numbers by m. Then 9/m is continuous on V 
and F(x, 8(x)/m) = x for all x & V. Since 9 generates P(V), we obtain 
that m — 1. 

Let Q be the union of all Qt, where T runs over the set of all con- 
nected components of V \ E. Since for every such component T we 
have that 9 = itl9t = 9t on T, it follows that 9(x) = Per(x) for all 
x G Qt- Theorem 11.51 is completed. 

5. Diameters and lengths of orbits 

5.1. Effective Z p -actions. We recall here results of A. Dress [21 Lm. 3] 
and D. Hoffman and L. N. Mann [HI Th. 1] about diameters of orbits of 
effective Z p -actions. 

For x, y G M. n denote by d(x, y) the usual Euclidean distance, and by 
B r (x), (r > 0) the open ball of radius r centered at x. 

Let W be an open subset of the half-space = {x n > 0} and 
x G W. Define the radius r x of convexity of W at x in the following 
way. If x G Int(R^) fl W, then 

r x = sup{r > : B r (x) C W} 

Otherwise, x G <9M™ fl W and we put 

r x = sup{r > : (B r (x) n R™ ) C W}. 

Lemma 5.22. [21 Lm. 3] Let U C MJ 1 be an open, relatively compact 
and connected subset, p be a prime, and h : U —>■ U be a homeo- 
morphism which induces a non-trivial Z p -action, that is h ^ id^j but 
h p = idjj. Define two numbers: 

D{U) = max{min{<i(x, y) : y G U} : x G U}, 

C(U) = m&x{d(x,h a (x)) : a = 0, . . . ,p - 1, x G U \ Int(C/)}. 

Then D(U) < C{U). 

The next Lemma l5.23l is a variant of P, Th. 1]. It seems that in the 
proof of [9] Th. 1] the condition of connectedness of the set U, see ( 15. ip 
below, is missed, c.f. paragraph after the assumption (H) on [9, page 
345] . Therefore we recall the proof which is also applicable to manifolds 
with boundary. 

Lemma 5.23. c.f. [9, Th. 1] Let W C = {x n > 0} be an open 
subset, p be a prime, and h : W — > W be a homeomorphism which 
induces a nontrivial lip-action. Suppose h(z) = z for some z G W . Let 
also r z be the radius of convexity ofW at z and r G (0, r z ). 

If z G Int(R"), then there exist x G dB r / 2 (z) and a = 1, . . . ,p — 1 
such that 

d{z,x) < 2-d{x,h a (x)). 
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// z G cM™ , then there exist x G d(B 2r / 3 (z) H W) and a = 1, . . . ,p — 1 

(2(z,x) < 4 ■ d(x,h a (x)). 

Proof. For simplicity denote B r (z) by 5 r . 

1) First suppose that z G Int(R"). For each s G (0,r 2 ) put 

(5.1) C/ s = £? s U fc(B a ) U ■•■ U ^- 1 (5 S ). 

Then U s is open, relatively compact, and h yields a non-trivial Z p - 
action on [/. Moreover, by assumption h(z) = z, therefore U s is con- 
nected. Then by Lemma T5. 221 

D(U.) < C(U S ). 

Notice that B s C U s , whence s < D s . 
On the other hand, suppose 

(5.2) d(y,h a (y)) < r - s, for all y G dU s and a = 1, . . . ,p - 1. 
Then in particular, C(U 8 ) < r — s and thus 

s < D(C/ S ) < C(C/ S ) < r-s, 

whence s < r/2. 

Thus if s = r/2, then f)5.2p fails, whence there exist y G <9?7 r / 2 and 
b G {0, . . . ,p — 1} such that d(y, h b (y)) > r — r/2 = r/2. However 

dUTfi c p uV(aB r/2 ), 

i=0 

whence y = h c (x) for some x G dB r / 2 . Therefore at least one of the 
distances d(x,y) or d(x,h b (y)) is not less than r/4. In other words, 
d(x, h a (x)) > r/4 for some x G dB r /2 and a G {1, . . . ,p — 1}. Then 

d( x ,z) = \ = 2-\ < 2-d{x,h a {x)). 

2) Let z G dM$. For each s G (0,r z ) let A s = B s n Int(M^) be the 
open upper half-disk centered at z, and 

[/; = A s U /i(A s ) U •■■ U h p -\A s ). 

Then t/^ is open, relatively compact, and h yields a non-trivial Z p - 
action on U' s . Moreover, it is easy to see that U' s is connected, whence 
by Lemma T5. 221 

_ D(U' S ) < C{U' S ). 

Moreover, B s / 2 C U' s . Therefore s/2 < D(U' S ). Hence if we suppose 
that C(U' S ) < r — s, then s/2 < r — s and thus s < 2r/3. 

Put s = 2r/3. Then there exists y G dU^^ and b G {1, . . . ,p — 1} 

such that h b {y)) > r — 2r/3 = r/3. 
p-i . 

Again dU' s C U h l (dA s ), whence we can find x G dA 2r /3 such that 

i=0 

d(x, h a (x)) > r/6 for some a G {1, . . . ,p — 1}. Then 

d( x ,z) < f = 4- | < 4-c/(x,/i a (x)). 
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Lemma is proved. □ 

5.2. Periodic orbits. Let F be a C 1 vector field on a manifold M and 
d be any Riemannian metric on M. Then for any periodic point x of 
F the length l(x) of its orbit can be calculated as follows: 

Per(x) 

(5.3) l(x)= J \\F(F(x,t))\\dt. 



o 



Hence 



(5.4) l(x) < Per(x)- sup ||F(F(x,*))||. 

te[0,Per(x)] 

Also notice that 

(5.5) 2-diam(o a) ) <Z(z). 

Indeed, let y,z G o x be points for which d(y,z) = diam(o x .). These 
points divide o x into two arcs each of which has the length > d(y,z). 
This implies (15. 5ft . 

6. P-FUNCTIONS ON THE SET OF NON-FIXED POINTS 

Let V C M be an open subset, £ : 1/ \ X ^ 1R be a P-function and 
a£l Define the following map h a : V — > M by: 



(6.1) h a (x) 



¥{x,at{x)), xeV\^ 

x, x e S n v. 



Then h a is continuous on V \ S but in general it is discontinuous at 
points of S fl V. 

The aim of this section is to establish implications between the fol- 
lowing five statements: 

(A) The periods of periodic points in ^\£ _1 (0) are uniformly bounded 
above with some constant C > 0, that is for each x G V with 
£(x) we have that Per(x) < C. 

(B) Every z G S fl V has a neighbourhood W C V such that £ is 
regular onW \ that is for every y G W \ £ the restriction of 
£ to o y fl W is constant. 

(C% The map /i a is continuous on all of V. 

Let z G Sn V. 

(-D)a Suppose a = g/p G Q, where g G Z and pel There exists 
a neighbourhood W C V of 2 such that ^(VF) = W, the 
restriction h a : W —> W is & homeomorphism, and h p a = idw- 
(E) There exist T > 0, a Euclidean metric d on some neighbourhood 
W of z, and a sequence {xj} ie N C V \ S converging to z such 
that £(xi) 7^ and 

d(z, Xi) < T • di&m(o Xi fl W 7 ). 
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Remark 6.24. By a Euclidean metric on W in (E) we mean a metric 
induced by some embedding W C W 1 . In fact, this condition can be 
formulated for arbitrary Riemannian metrics, but for technical reasons 
(see especially Lemma [Y.30p we restrict ourselves to Euclidean ones. 

Remark 6.25. If z G £ PI V has a neighbourhood W C V such that 
W \ £ is connected, then by Theorem 03 condition (5) holds for z. 

Lemma 6.26. The following implications hold true: 

(A) (B) & (C%. 

If at E. Q, then for every z G £ fl V 

(£?)&(C% (D) a . 

// ft zs not i/ie identity on some neighbourhood of z G £ fl V^, iften 

and we can tafce T = 4 m (22) . 

Proof. (A) =>- {B). Since z G £ fl there exists a neighbourhood 
of z such that F(W x [0,c]) C V. Then W satisfies {B). Indeed, let 
y G 14 7 \ £. We have to show that £| 0!/ rw is constant. 

If £ = on o y fl W there is nothing to prove. Therefore we can 
assume that 7^ 0. Then, by (A), Per(y) < C, whence 

o y = F(2/x[0,Per(3/)]) = F(yx[0,C]) c F(Wx[0,C]) c V. 

Thus o y fl V = o y is connected. Then, by Lemma [1~2"| £ is constant 
along o y and therefore on o y fl I4 7 . 

(A) =>■ (C) a . It suffices to show that h a is continuous at each z G 
£ fl V. Let V C V be any neighbourhood of z and W be another 
neighbourhood of z such that F(W x [0,c]) C V. We claim that 
ft Q (W) C V'. This will imply continuity of h a at z. 

Let x eW. If x G £ n W or = 0, then h a (x) = x G W C V . 
Otherwise, £(x) 7^ and x is periodic. Hence h a (x) = F(x, r) for some 
t G [0,Per(x)] C [0,c]. Therefore ft a (x) G F(W x [0,c]) C 1/'. 

(B) fo(C) a (D) a . We have that a = q/p, where g G Z and pel 
For simplicity denote h a by ft.. Since h(z) = z and h is continuous, there 
exists a neighbourhood 2? of z such that h l (B) C V for all i = 0, . . . ,p. 
Denote 

W = B U h(B) U ■ ■ ■ U h p -\B). 

We claim that W satisfies (D). 

Indeed, let x G V and suppose that h(x) G V as well. Since ft(x) 
belongs to the orbit of x, then, by (£>), = £(h(x)). Hence 

(6.2) h 2 (x) = F(h(x), a ■ £(ft(x))) = F(h(x), a ■ £(x)) = 

= F(F(x,a-f(x)),a-£(a;)) =F(x, 2a-£{x)). 
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By induction we will get that if h l (x) G V for alH = 0, . . . ,j — 1, then 

h 3 (x) = F(x, ja-£(x)). 

In particular, h kp (x) = F(x,kq£(x)) = x for any k G Z. By (C) a we 
have that h is continuous on V, whence h yields a homeomorphism of 
W onto itself and h p \w = idw 

(D) a =>- (E). Again denote h a by h. Since /i is not the identity on 
W, we can assume that p is a prime and thus the action of h is effective. 
This can be done by replacing h with h n for some n G N such that p/n 
is a prime. 

Decreasing W we can assume that W is an open subset of the half- 
space R" = {a; n > 0}. Let d be the corresponding Euclidean metric on 
W and r z be the radius of convexity of W at z. Then by Lemma T5.23I 
for each r G (0, r z ) there exist x r £ W and a r G {1, ... ,p — 1} such 
that 

d(z,x r ) < S-r < T ■ d(x r , h ar (x r )) < T • diam(o Xr ), 

for some S, T > 0. In fact, S = ~ and T = 2 if z G Int(M), and 
S = | and T = 4 if z G <9M. Notice that a r may take only finitely 
many values. Therefore we can find a G {1, . . . ,p — 1} and a sequence 
{x rj }j G pj such that lim = and a n = a for all z G N. □ 

7. Condition (E) for C 1 flows 

Condition (E) defined in the previous section gives some lower bound 
for diameters of orbits of a sequence {xj}j e N of periodic points converg- 
ing to a fixed point z. In this section it is shown that for a C 1 flow that 
condition allows to estimate periods of X{. 

Let M be a C, (r > 1), connected, m-dimensional manifold possibly 
non-compact and with or without boundary. Let also F be a C r vector 
field on M tangent to DM and generating a C r -flow F : M x R — > M. 
Again by S we denote the set of fixed points of F which coincides with 
the set of zeros (or singular points) of F. 

Proposition 7.27. Let V C M be an open subset, £ : V \ Y, — > ~R be a 

P -function, z G S fl V, and {xj} ig N C^\E fre a sequence of periodic 
points converging to z and satisfying (E). Thus ^ ; and there 
exists T > and a Euclidean metric on some neighbourhood of z such 
that d(z,Xi) < T-diam(o 2 J. If the periods of Xi are bounded above with 
some C > 0, (in particular, condition (A) holds true) then 

(ei) there exists e > such that > Per(xj) > e for all i G N, 

so the periods are bounded below as well, and 
(e 2 ) j 1 F(z)^0. 

For the proof we need some statements. The first one is easy and we 
left it for the reader. 
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Claim 7.28. Let X be a topological space, K be a compact space, and 
g : X x K — > K be a continuous function. Then the following function 
7 : X — > R defined by j(x) = sup g(x,y) is continuous. □ 

Claim 7.29. Let K be a compact manifold and 

Q = (Q 1 ,...,Q n ):R n xK^R n 

be a continuous map satisfying the following conditions: 

(a) Q(0 X if) = 0. 

(b) For each k e K the map Q k = Q(-, k) : R n -> R n C 1 . 

(c) For even/ i, j = 1, . . . ,n the partial derivative |^ : R n x if — > R 
o/ £/ie i-t/i coordinate function Qi of Q in Xj is continuous. 

In particular, conditions (b) and (c) hold if K is a manifold and Q is 
a C 1 map. Then there exists a continuous function a : R n — > R such 
that 

\\Q(x,k)\\ < \\x\\ ■ a(x), (x,k) e R n x K. 
IffQkfi) = for all keK, then a(0) = 0. 
Proof. It follows from (a)-(c) and the Hadamard lemma that 

n 

Qi^X, /u) = ^ ^ XjQiji^X, fc) 
3=1 

for certain continuous functions Ojj : R n x if — > R such that qij(0, k) = 
■7^(0, k). Hence Q(x,k) = A(x,k)x, where A(x,k) = (qij(x,k)) is an 

(n x n)-matrix with continuous entries. Let S n ~ l be the unit sphere in 
R n centered at the origin. Define a : R™ — > R by 

(7.1) a(x) — sup \\A(x, k) ■ v\\. 

(v,k)eS n - 1 xK 

Then by Claim IT72H1 a is continuous. Moreover, 

\\Q(x, k)\\ = \\A{x, k)x\\ = A;)p|T • ||x|| < a(x) ■ \\x\\. 

It remains to note that if j 1 Qk{^) — 0, that is A(0,k) = 0, for all 
keK, then by a(0) = sup ||A(0, fc) • u|| =0. □ 

Lemma 7.30. Lei F be a C 1 vector field in R n snc/i i/iai F(0) = 
and (Ft) be the local flow of F. Then for every C > there exist 
a neighbourhood W of the origin e R n and a continuous function 
7 : W -> R swca f/iat 

||F(F(x,t))|| < -7(x) 

/or a// (z,t) G W x [-C,C]. If J l F(Qi) = 0, then 7 (0) = 0. 

i/F C 2 ; i/ien we have a usual estimation \\F(F(x,t))\\ < A • \\x 
for some A > 0. 
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Proof. Since F(0, t) = for all t £ R, there exists a neighbourhood 
W of z such that for each (x,t) <E W x [— C, C] the point F(x,t) is 
well-defined and belongs to V, so F(W x [— C, C]) C V. 

Moreover, F is C 1 and therefore it satisfies assumptions (a)-(c) of 
Claim I7~29l with K = [— C, C]. Hence there exists a continuous function 
a : W -> R such that 

||F(x,t)|| < ||x|| ■ a(z), (x, fc) G x [-C,C]. 

Moreover, F is also C 1 and -F(O) = 0, whence again by Claim [7^1 
(for K — 0) there exists a continuous function (3 : W — > R such that 

||F(x)|| < ||x|| -/3(x). 

Define 7 : -> R by 

7(x) = sup a(x) • /3(F(x, t)). 
te[-c,q 

Then by Claim IT72H1 7 is continuous and 

\\F(F(x,t))\\<\\F(x,t))\\-(3(F(x,t))< 

< \\x\\ ■ a(x) ■ (3(F(x, t)) < \\x\\ ■ j(x). 

Moreover, if j 1 F(0) = 0, then (3(0) = 0. Since in addition F(0,t) = 0, 

we obtain that 7(0) = sup a(0) • (3(0) = as well. □ 

te[-c,c] 

Proof of Proposition I7T271 We have to show that violating either of 
assumptions (ex) or (e^) leads to a contradiction. 

By Lemma 17. 301 for any C > there exist a neighbourhood W of z 
and a continuous function 7 : W — > R such that 

(7.2) ||F(F(x,t))|| < -7(x), (i,t)€Wx[-C,q. 

Then 

J575I JO) & OJ 

x 4 ) < T-diam(o Xi ) < \-lfa) < ^■Yex(x i )-d(z,Xi)-^(x i ). 

Therefore 

< I < Per(x i ) ■ 7(0*) < |£(x;)| ■ 7 fa). 
Hence if (ei) is violated, i.e. lim Per(xi) = 0, then lim 7 fa) = +00, 

i— >oo i^oo 

which contradicts to continuity of 7 near z. 

Suppose j 1 F(z) = 0. Then by Lemma [7.301 j(z) = 0, whence 
lim 7(xj) = 7(2) = 0. Therefore lim Per (xj) = lim |£(xj)| = +00, 

which contradicts to boundedness of periods of Xj. □ 
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8. Unboundedness of periods 

Let Ek be the unit (k x fc)-rnatrix, C be a square (fc x fc)-matrix, and 
a, b G R. Define the following matrices: 

Jp(C7)=f^.? ::: 5 V J2(a,&) = (» 6o 6 ) , J p (a±i6) = J p (J2(a,6)). 

For square matrices B,C it is also convenient to put B © C = ( f £ )■ 

Now let F be a C 1 vector field in R n such that F(0) = 0. We can 
regard F as a C 1 map F = (Fi, . . . , F n ) : R n -> R n . Let 

= (|f(o)). . t 

\ J / z,j=l,...,n 

be the Jacobi matrix of F at 0. This matrix also called the linear part 
of F at 0. By the real Jordan's normal form theorem A is similar to 
the matrix of the following form: 

(8.1) © J qa ( a<7 ±ib a )) © © J PT (A r ), 

<T=1 T=l 

where A ff 6l and a T ± ib T G C are all the eigen values of A. 

Theorem 8.31. Suppose one of the following conditions holds: 

(1) A has an eigen value A such that dt(X) ^ 0; 

(2) The matrix (18. ip has either a block J q (±ib) or 3 q (0) with q > 2; 

(3) A = and there exists an open neighbourhood VofOin R n and 
a continuous P-function £ : V \ S — > R which takes non-zero 
values arbitrary close to 0, that is G V \ ^ _1 (0). 

T/ien t/iere exists a sequence {xj}j e N C V"\S which converges to and 
swc/i i/iai either every Xi is non-periodic, or every Xi is periodic and 
lim Per(xj) = +oo. 

i— *oo 

Proof. (1) In this case by Hadamard- Perron's theorem, e.g. [S], we can 
find a non-periodic orbit o of F such that G o \ o. This means that 
there exists a sequence {xj}j e N C o converging to 0. 
(2) Consider two cases. 

(a) If (18.1 p has a block J g (0) with q > 2, then it can be assumed 
that 

/ 0-0 

A = | lo-o 



(b) Suppose (18.11) has a block 3 q (±ib) with q > 2. Then we can 
regard lR n as C 2 © R™~ 4 , so the first two coordinates x% and X2 are 
complex. Therefore it can be supposed that 



ib - 
A = I 1 ib - 



In both cases denote by pi the projection to the first (either real or 
complex) coordinate, i.e. Pi(xi, . . . ,x n ) = x\. 
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Lemma 8.32. Let S n 1 be the unit sphere in M. n centered at the origin 
0, e > 0, 

Y £ = {(x h ...,x n ) G S"- 1 : |xi|>e}, 
and C e be the cone over Y e with vertex at 0. 

Then for each L > there exists a neighbourhood W = W\_, £ °f 
such that every 

x e (W n C e ) \ o 

is either non-periodic or periodic with period Per(x) > L. 

Proof. Let (F t ) be the local flow of F. Then in general, F is defined 
only on some open neighbourhood of R n x in M. n x R. Nevertheless, 
since F(0, t) — for all t G R, it follows that for each L > there exists 
a neighbourhood V of such that F is defined on V x [— 2L, 2L]. 
We claim that in both cases there exists c > such that 

(8.2) ||e A 'x-x|| > c\t-xi\ = c\t-pi(x)\. 

(a) In this case e At x = (xi, tx\ + x 2 , ■ ■ .) and we can put c = 1: 

\\e At x - x\\ = \\(0, t Xl , . . .)\\ > \t- Xl \ = \t- Pl (x)\. 

(b) Now e At x = (e M xi, e M (txi + X2), ■ ■ ■)■ Notice that we can write 
e ibt = x + tj(t) for some smooth function 7 : R — > C \ {0}. Denote 
c = min l'y(t) I . Then c > and 

t6[-2L,2L] 

\\e At x - x\\ = \\(e ibt x 1 - X!, . . .)\\ > \t-'y(t)-x 1 \ = c\t-p x {x)\. 

Since F is a C 1 map and F(0, t) = for all t G R, it follows from 
Claim IT7291 that there exists a continuous function a : V — > [0, +00) 
such that 

(1) a(0) = 0, 

(2) \\F(x,t) - e At x\\ < \\x\\ ■ a(x) for all (ar, t) G V x [-2L, 2L]. 
Hence 

|| F (a;, t) — x|| > \\e At x — x\\ — ||F(x, t) — e A< x|| > c|t ■ — 
for G R n x [-2L,2L]. Moreover, if p x (x) ^ 0, then 

||F(x,t) - x|| > c\t-pi(x)\ - \\x\\ a(x) = c\pi(x)\ ■ (\t\ - • 

Since a(0) = 0, there exists a neighbourhood W C V of such that 

a(x) < c ■ e ■ L, a; G W. 

Now let x G (W fl C e ) \ 0. Then \x\ < 1 and > e, whence 

llxll 1 • c • e • L 
- — - — < = L. 

c-|pi(x)| c-e 

Therefore ||F(x, t) — x\\ > c • e(\t\ — L) for t G [— 2L,2L]. In particular, 
F(x,t) ^ x for t G [L,2L]. It follows that x is either non-periodic, or 
periodic with the period being greater than 2L — L = L. □ 
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(3) Suppose that there exists a neighbourhood V of such that all 
points in V \ £ are periodic. If the periods of points in V \ ^~ 1 (0) are 
bounded above, i.e. condition (A) holds true, then by (e 2 ) of Proposi- 
tion03j 1 F(0) ^ 0. Theorem E3H is completed. □ 

Remark 8.33. It is not true that under assumptions of Lemma T8.32I 
for every sequence {xjj-jgN of periodic points converging to the origin 
their periods are unbounded. Indeed, let 

and F(x) = Ax be the corresponding linear vector field on M 4 . Then 
any sequence of the form {(0, 0, x iy Vi)}^ converging to the origin con- 
sists of periodic points with periods equal to 2ir. 

On the other hand in the following special case this is so. 

Example 8.34. Consider the following polynomial f(x,y) = x 2b + y 2 
on M 2 with 2b > 4, and let 

be the Hamiltonian vector field of /. Then the orbits of F are the origin 
6 I 2 and concentric simple closed curves wrapping once around the 
origin, see Figure IH.341 and the matrix A of the linear part of F at z is 
nilpotent: A = {q~q)- Now it follows from the structure of orbits of 
F and Lemma \S. 321 that for any sequence {xj} cR 2 \fl converging to 
we have lim Per (a;,) = +oo. 




Figure 3. f(x,y) = x 2b + y 2 , (2q > 4) 

The following statement extends [HJJ Pr. 10], see footnote [Hon pageEJ 

Proposition 8.35. [10, Pr. 10]. Let F be a C 1 vector field on a mani- 
fold M, z e E\Int(E) ; V C M be a neighbourhood of z, and £ G P(V) 
be a P -function. Let also W = U\(z\W\ be the union of those connected 
components ofV\T, for which z G W\. Then each of the following con- 
ditions implies that £ = on W n V : 

(a) j l F(z) has an eigen value A such that 3?(A) ^ 0; 

(b) a real normal Jordan form of j 1 F{z) has either a block J q (±ib) 
or J g (0) with q > 2. 

(c) 3 l F (z) = 0; 

(d) z E Int(S F ) \Int(S). 

(e) £(*) = 0; 
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Proof. Suppose that £ takes non-zero values on periodic points arbi- 
trary close to z. First we prove that every of the assumptions (a)-(d) 
implies (e), and then show that (e) gives rise to a contradiction. 

(a)V(b)V(c) =>- (e). Suppose j 1 F(z) satisfies either of the conditions 
(a), (b) or (c). Then by assumption on £ and Theorem 18.311 there exists 
a sequence {xj}j g N C V \ £ converging to z and such that every Xj is 
either non-periodic, or periodic but lim Per(xj) = +00. 

If every Xi is non-periodic, then by Lemma [TT2l <f (x,- ) = 0, whence by 
continuity of £ we obtain = as well. 

Suppose every X{ is periodic. Then = riiPer(xi) for some rii G Z. 
Since lim Per(xj) = +00 and £ is continuous, it follows that lim rii = 0, 

that is rii = for all sufficiently large i, whence =0 which implies 

= 0. 

(d) (c). The assumption z G Int(E) \ Int(E) means that there is 
a sequence {zi}^ C Int(E) converging to z. But then j F(zi) = for 
all i. Since F is C 1 , we obtain j 1 F(z) = as well. 

(e) . Suppose that £(z) = 0. Let U be a neighbourhood of z with 
compact closure U <Z V, and C = sup Then the periods of points 

in f/\£~ 1 (0) are bounded above with C, that is £ satisfies condition (A), 
and therefore by Lemma [5. 261 condition (E). Let C U \ E be a 

sequence converging to 2 and satisfying Then by Proposition 17.271 
there exists e > such that |£(xj)| > e. Since £ is continuous, we get 
\£,{ z )\ > ^ > 0, which contradicts to the assumption £(z) = 0. □ 



9. Proof of Theorem [US] 

Let F be the flow generated by a C 1 vector field F and 9 G P(M) be 
a non-negative generator of P(M). Put K = ^ _1 (0). Then F is closed. 

We claim that Y is also open in M. Indeed, if x is a non- fixed 
point of F, then by Lemma f3. 131 9 = on some neighbourhood of x. 
Suppose 16E. Since E is nowhere dense in M, it follows from (1) of 
Proposition [835] that 9 = on some neighbourhood of x as well. 

As M is connected, we obtain that either Y = or Y = M. By 
Theorem II. 51 9 > on M \ E, whence F^M and therefore Y = 0, so 
> on all of M. 

Let z G S. To establish (11.11) it suffices to prove that 

(a) j 1 F(z) has no eigen values A with 9ft(A) 7^ 0; 

(b) a real normal Jordan form of j 1 F(z) has neither a block J g (±z6) 
nor J g (0) with q > 2; 

(c) j 1 F(z) ? 0. 

But if either of these conditions were violated, then it would follow 
from Proposition 18.351 that 9(z) = 0. This contradiction completes 
Theorem 11.61 □ 
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